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PERIODIC CYCLIC HOMOLOGY AND EQUIVARIANT GERBES 


JEAN-LOUIS TU AND PING XU 


Abstract. This paper is our first step in establishing a de Rham model for equivariant 
twisted A-theory using machinery from noncommntative geometry. Let G be a compact 
Lie group, M a compact manifold on which G acts smoothly. For any a £ Hq{M,'L) we 
introduce a notion of localized eqnivariant twisted cohomology H* {Cl'{M,G, L)g,dQg), 
indexed hy g £ G. We prove that there exists a natural family of chain maps, indexed 
hy g £ G, inducing a family of morphisms from the equivariant periodic cyclic homology 
H{G°°{M , a)) , where G°°{M,a) is a certain smooth algebra constructed from an 
eqnivariant bundle gerbe defined by a £ Hq{M,X), to H' {Cl' {M,G, L)g, dQg). We 
formulate a conjecture of Atiyah-Hirzebruch type theorem for equivariant twisted K- 
theory. 


1. Introduction 

The well-known Atiyah-Hirzebruch theorem asserts that for a smooth manifold M, the 
Chern character establishes an isomorphism: 

A*(M) ® C A RSr A C) 

Therefore, modulo the torsion, K-theory groups are isomorphic to the (Z 2 -graded) de 
Rham cohomology groups. In the study of K-theory, it has been a central question how 
to establish a Atiyah-Hirzebruch type theorem for other types of K-theory groups, among 
which are equivariant K-theory [21], In 1994, Block-Getzler proved the following re¬ 
markable theorem [8] extending a result of Baum-Brylinski-MacPherson [3] in the case of 
G = S^: 

Let G be a compact Lie group, M a compact manifold on which G acts smoothly. Then 
KhiM) ®R(G) R'^iG) ^ H'{AhiM),de^). 


Here R{G) is the representation ring of G, and is the ring of smooth functions 

on G invariant under the conjugation. Then R°°{G) is an algebra over R{G), since R{G) 
maps to R°°{G) by the character map. And H'{A'q{M), deq) is the cohomology of global 
equivariant differential forms on M, also called the delocalized equivariant cohomology. 
Roughly speaking, H'{A'q{M), d^q) can be considered as the cohomology of the inertia 
stack K[M/G] (while ordinary equivariant cohomology is the cohomology of the quotient 
stack [M/G]). In a certain sense, delocalized equivariant cohomology R*(A^(M), dgq) is 
a de Rham description of the equivariant A-theory. 

In late 1980’s, Block [7] and Brylinski [10, 11] independently proved the following the¬ 
orem: 
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Let G be a compact Lie group and A a topological G-algebra. Then the equivariant 
Chern character (26) induces an isomorphism 

(1) ffP,^(A) K^(A) 


By using the above theorem, Block-Getzler [8] reduces the problem of establishing 
Atiyah-Hirzebruch type theorem for equivariant K-theory to that of computing the equi¬ 
variant periodic cyclic homology HP^{C°^{M)), and thus can apply the machinery of 
noncommutative geometry. When G = {*}, HP^{C^{M)) is isomorphic to the (Z 2 - 
graded) de Rham cohomology according to a theorem of Connes [12, 13], and 

therefore Block-Getzler theorem reduces to the classical Atiyah-Hirzebruch theorem. 

Motivated by string theory, there has been a great deal of interest in the study of twisted 
iL-theory [9, 31]. It is thus natural to ask how to extend Atiyah-Hirzebruch theorem to 
twisted AT-theory. The manifolds case was completely solved in [18], while orbifolds case 
was done [26]. This paper is our first step in establishing Atiyah-Hirzebruch type theorem 
for twisted equivariant AT-theory. 

In literatures, there exist different equivalent approaches to twisted equivariant K- 
theory, eg. [2]. In [25], with Laurent-Gengoux, we introduced twisted equivariant K- 
theory based on the idea from noncommutative geometry. It can be described roughly as 
follows. For a compact manifold M equipped with an action of a compact Lie group G, 
and any a G Hq{M, Z), one can always construct an A^-central extension of Lie groupoids 
Xi ^ Xi ^ Xq representing a G Hq{M,Z). Such an S^-central extension is unique up 
to Morita equivalence. From the S^-central extension of Lie groupoids Xi A Xi ^ Xq, 
one constructs a convolution algebra Cc{Xi, L). Then the twisted equivariant LC-theory 
groups can be defined as the AT-theory groups of this algebra (or its corresponding reduced 
G*-algebra), i.e., K‘^JM) := iL.(G,(Xi, A)). 

In order to apply Block-Brylinski theorem [7, 10, 11] (Theorem 5.7) in our situation, 
first of all, we prove the following 

Theorem A. For any integer elass a G L7g(M, Z), there always exists a G-equivariant 

bundle gerbe [27] Hi Hi ^ Hq over M with an equivariant connection and an 
equivariant curving, whose equivariant 2>-curvature represents a in the Cartan model 
(0^(M),d + i). 

As a consequence, equivalently one can define the twisted equivariant A-theory groups 
Kq ^{M) as K^{C^{H, L)), where G^{H,L) is the convolution algebra corresponding 

to the G-equivariant bundle gerbe Hi % Hi ^ Hq. Note that when G = {*} and 

a G Hq{M,'Z) being trivial. Hi Hi ^ Hq is Morita equivalent to G°°{M). 

Therefore, we are led to the following 

Problem B. Compute the equivariant periodic cyclic homology HP^{C^{H, L)) in terms 
of geometric data to obtain de Rham type cohomology groups. 

Toward this direction, we first prove the following: 

Theorem C. Any Lie groupoid -central extension representing a G Hq{M,'L) canon¬ 
ically induces a family of G-equivariant flat -bundles indexed by 

g ^ G, where M® = {x G M\x ■ g = x} is the fixed point set under the diffeomorphism 
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X ^ X ■ g, and for any h € G, the action by h, is an isomorphism of the flat bundles 
i^pg ^ m3) hA {pf^~^9h 

Two such -central extensions induce G-equivariantly isomorphic families of flat S^- 
bundles. 

Let L = where = P9 x^i C, Vi/ G G, are their associated G-equivariant 

flat complex line bundles. 

Choose a G-equivariant closed 3-form rjc £ such that [tjg] = Following Block- 

Getzler [8], we consider the localized twisted equivariant cohomology as follows. Denote 
by Cl'{M,G,L)g the space 0,Gg{M9^ L9) of germs at zero of G^-equivariant smooth maps 
from q9 to Tl'[M9^L9). By we denote the twisted equivariant differential operator 
Vg + i — 2'Kir]G on Qgs{M9^ where Vg : (Ig9{M9^ L^) —)■ Dg9(M^, L^) is the covariant 
differential induced by the flat connection on the complex line bundle L9 —)■ M®, and 
rjG acts on Dg 9(M^,L^) by taking the wedge product with igr]G- Here i* : Dg'(M) —)■ 
Qg9{M9) is the restriction map. It is simple to see that = 0) {'^Gald ^ 

are compatible with the G-action. The family of cohomology groups are denoted by 
H*{Q‘{M,G, L)g,dQg), and are called localized twisted equivariant cohomology. 

Our main result in the paper is the following: 

Theorem D. There exists a family of G-equivariant chain maps, indexed by g £ G: 

Tg : (PC^iG^iH, L)), b + B)^ (D*(M, G, L)g, dgg) 

By G-equivariant chain maps, we mean that the following diagram of chain maps com¬ 
mutes: 

iPG:{G^{H, L)), b + B) -- ((D*(M, G, L)^, dgg)) 



((D*(M,G,L),-i,„d“,_i^J). 

Therefore, there is a family of morphisms on the level of cohomology: 

(2) Tg : HP^{G^{H,L)) H\in-{M,G, L)g,d2;g)). 

In order to completely solve Problem B, following Block-Getzler [8], we propose the 
following 

Problem E. Introduce global twisted equivariant differential forms by modifying the no¬ 
tion of global equivariant differential forms a la Block-Getzler [8] to define delocalized 
twisted equivariant cohomology Hq delocalized ai^)> establish the isomorphism 

HP^{G^{H,L)) 

^ ^ delocalized,a (M). 

We will devote Section 5 to discussions on this issue. 
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2. Localized equivariant twisted cohomology 

2.1. S^-gerbes over [M/G]. Let Xi —)■ Xi ^ Xq be an 5'^-central extension of Lie 
groupoids. By abuse of notations, we denote, by d, both the de Rham differentials 
n*(X.) —)■ and ^}*{X,) —> And, by d, we denote the simplicial 

differential d : —)■ for the groupoid Xi ^ Xq, while, by d, we denote the 

simplicial differential d : 0,*{X,) —)■ for the groupoid Xi ^ Xq. See Section 2.1 

[32] for details on de Rham cohomology of Lie groupoids. Recall the following 

Definition 2.1 ( [5]). (i) A connection form 6 G n^(Ai) for the 5^-bundle Xi —> Xi, 
such that 86 = 0, is a connection on the S'^-central extension 5^ —)■ Ai —)■ Ai Aq; 

(ii) Given 9, a 2-form B G n^(Ao), such that dO = dB is a curving; 

(hi) and given {9,B), the 3-form 0, = dB G H^{X,,Q^) C is called the 3- 

curvature. 

We have the following 

Lemma 2.2. Given an -central extension Ai A Ai =1 Xq, 

(1) the obstruction group to the existence of eonneetions is H‘^{X,,^l^); 

(2) the obstruction group to the existenee of eurvings is 

Proof. (1). Choose any connection one-form 0 G of the S^-bundle tt : Xi —)■ Xi . 

It is simple to see that 89 = 7r*ry, where tj G n^(A 2 ). Here by abuse of notations, we use the 
same symbol tt to denote the induced projection A 2 —)■ A 2 . Since 7 r* 8 r] = 87 T*rj = 8^6 = 0, 
it thus follows that 8 rj = 0. If 9' is another connection one-form, then 9' differs from 9 by 
a one-form A G H^(Ai). Thus r]' = rj 8 A. It follows that the class [rj\ G H‘^{Q^{X,), 8 ) 
is independent of the choice of 9. Note that H*{^^{X,), 8 ) = H*{X,,0,^) since is a 
soft sheaf. 

Assume that [g] G vanishes. We may write g = 8 a for some one-form 

a G H^(Ai). It is simple to see that 9' = 9 — 'K*a is indeed a connection for the 5^- 
extension. 

(2). Assume that 9 G is a connection. Let u) G H^(Ai) be its curvature, i.e. 

d9 = TT*uj. Since 71*803 = 8tt*oj = 8 d 6 = d89 = 0, we have 8 oj = 0. Hence [w] G 
H^{yL^{X,), 8 ) = Then [a;] vanishes if and only if there exists B G H^(Ao) 

such that 00 = 8 B, i.e. d9 = 8 B. Hence [cu] = 0 if and only if there exists a curving. □ 

Remark 2.3. Note that H‘^{X,,Q^) and H^{X,,0,‘^) are isomorphic to and 

H^), respectively, where X is the differentiable stack corresponding to the groupoid 
Xi ^ Xq [5]. Therefore, these cohomology groups are Morita invariant. 

The following theorem is due to Abad-Crainic [[I] Corollary 4.2]. 

Theorem 2.4. If Xi ^ Xq is a proper Lie groupoid, then 

HP(A.,H«)=0, tfp>q. 

In particular, we have H‘^{X,, = 0. Thus we have the following 

Proposition 2.5. If Xi Xi ^ Xq is an -central extension of a proper Lie groupoid 
Xi Xq, then connections always exist. 

In partieular, if G is a eompaet Lie group aeting on a manifold M, and Ai ^ Ai ^ Xq 
is an S^-eentral extension representing any elass a G Hq{M, Z), then this extension admits 
a eonneetion. 

Note that H^{{M x G).,H^) may not necessarily vanish in general, so eurvings does 
not always exist. 
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2.2. Equivariant bundle gerbes. We now recall some basic notions regarding equivari- 
ant cohomology in order to fix the notations. 

Let M be a smooth manifold with a smooth right action of a compact Lie group G: 
{x,g)€MxG^x-g. There is an induced action of the group G on the space n*(M) of 
differential forms on M hy g ■ u = RgCO, where Rg : M ^ M \s the operation of the action 
hy g ^ G. If cu : g —)■ Q*{M) is a map from g to the group G acts on uj by the 

formula 

(3) {g-u:){X)=g-{uj{Adg-iX)), VX € g. 

By an equivariant differential form on M, we mean a G-equivariant polynomial function 
cu : g — )■ n*(M). When a; is a homogeneous polynomial, the degree of to is defined to be the 
sum of 2xthe degree of the polynomial and the degree of the differential form oj{X), X £ q. 
We denote by ^q{M) the space of local equivariant differential forms of degree k. Define 
an equivariant differential do = d + l : Dg(M) — )■ where 

{dio){X) = d{uj{X)), {iUj){X) = i^uj{X). 

Here X denotes the infinitesimal vector field on M generated by the Lie algebra element 
X £ Q. Note that Q.q{M) can also be identified with the space of invariant polynomials 
(5g* ® D*(M))*^. The cochain complex {VL*Q{M),dG) is called the Cartan model of the 
equivariant cohomology group Hq{M) [6]. 

Following [27], an 5^-central extension Hi A Hi ^ Hq is said to be G-equivariant if 
both Hi ^ Hq and Hi ^ Hq are G-groupoids, the groupoid morphism p : iLi —)■ iLi is 
G-equivariant, and Hi A Hi is a G-equivariant principal S'^-bundle, i.e. if the following 
relations; 


(xg = {x-k g) ■ {y-k g) 
p{xkg) =p{x)kg 
{Xx)kg = X{xkg) 

are satisfied for all g £ G, all composable pairs {x,y} in H2 and all A G 5^. 

Now assume that Hq ^ M is a G-equivariant surjective submersion. Consider the pair 
groupoid Hi ^ Hq, where Hi = HqXmHq, the source and target maps are t{x, y) = x and 
s{x, y) = y, and the multiplication (x, y) ■ {y, z) = (x, z). Then Hi Hq is a G-groupoid, 
which is Morita equivalent to the G-manifold M ^ M. A G-equivariant bundle gerbe 
[19, 27] is a G-equivariant S'^-central extension of Lie groupoids Hi ^ Hi ^ Hq. 

The following notion is due to Stienon [27]. 

Definition 2.6 ([27]). (1) An equivariant connection is a G-invariant 1-form 9 £ 

Q}{Hi)^ such that 0 is a connection 1-form for the principal 5'^-bundle Hi A Hi 
and satisfies 

do = 0 . 

(2) Given an equivariant connection 9, an equivariant curving is a degree-2 element 
Bg S ^}q{Hq) such that 

(4) curve (6') = dBc, 

where curve(0) denotes the equivariant curvature of the 5^-principal bundle Hi A 
Hi, i.e. the element curve(^) G Dg(77i) characterized by the relation 

dad = p* curve(6*). 


( 5 ) 
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(3) Given an equivariant connection and an equivariant curving {6,Bg), the corre¬ 
sponding equivariant 3-curvature is the equivariant 3-form rjc G 0,q{M) such that 

( 6 ) Tr*r]G = cIgBg. 

Here the coboundary operators d : —)■ and d : 

are the simplicial differentials of the groupoids Hi ^ Hq and Hi ^ Hq, respectively. 

The following result can be found in [27]. 

Proposition 2.7. Let Hi ^ Hi ^ Hq be a G-equivariant bundle gerbe over a G-manifold 

M. 

(1) Equivariant connections and equivariant curvings {6,Bg) always exist. 

(2) The elass [tjg] G Hq{M) defined by the equivariant 3-curvature is independent of 
the choice of 6 and Bg- 

The degree 3 equivariant cohomology class [r/c] G Hq{M) is called the equivariant 
Dixmier-Douady elass of the underlying equivariant bundle gerbe. 

2.3. Kostant-Weil theorem for equivariant bundle gerbes. The main result of this 
section is the following Kostant-Weil type of quantization theorem for equivariant bundle 
gerbes. 

Theorem 2.8. For any integer class a G Hq{M,'L), there always exists a G-equivariant 
bundle gerbe over M with an equivariant eonneetion and an equivariant curving, whose 
equivariant 3-curvature represents a in the Cartan model. Moreover, one can choose a 
G-basic eonneetion as an equivariant eonneetion on the G-equivariant bundle gerbe. 

The rest of this subsection is devoted to the proof of Theorem 2.8. 

For any a G Hq{M, Z) = H^{{M x G)., Z), let T ^ T M', where p : M' — )■ M is an 
immersion, be an 5^-central extension of Lie groupoids representing a. Let Hq = M' x G. 
Assume that the map 

tt-.Hq^M, Tx{x,g) = p{x)g 

is a surjective submersion. Note that this assumption always holds if M' = ]J C/j is an open 
cover of M. It is clear that iLo admits a right G-action: {x,h)-g = {x,hg), \/{x,h) G M'xG 
and g (z G. Then the map vr : Hq —)■ M is clearly G-equivariant. Let Hi = Hq Xm Hq. 

Then Hi ^ Hq is a G-groupoid, which is Morita equivalent to M ^ M. Consider the 
groupoid morphism 

v: Hi^T, iy{{x,g), {y,h)) = {x,gh~^,y). 

Let Hi —7- Hi be the pullback S^-bundle of T —)■ T via the map u : Hi —)■ T; 

Hi = HiXrf = {{{x,g), {y,h),r)\{x,g), {y,h) € Ho,r € f,p{x)g = p{y)h, {x,gh~^,y) =p(r)}.| 
Since u is constant along the G-orbits on Hi, the G-action on Hi naturally lifts to Hi, i.e. 

{ix,g), iy,h),p) ■ k = i{x,gk), {y,hk),r), Vk G G, {{x,g), {y,h),r) G Hi. 

Thus Hi ^ iLo is a G-equivariant groupoid. Let : Hi ^ Hi he the projection. 

Lemma 2.9. (1) Hi Hi ^ Hq is a G-equivariant bundle gerbe over M; 
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(2) the following diagram 
(7) Hi r 

Hi^^T 


where q : Hi ^ T, {{x,g), {y,h),r) i-A r is the projection, q : Hi ^ T is the map 
V, and qo : Hq{= M' x G) —)■ M' is the projection pri, defines a morphism of 
-central extensions; 

(3) the -central extensions Hi Xi G ^ Hi Xi G ^ Hq and F A F ^ M' are Morita 
equivalent. Indeed, 


/o\ ZJ ^ 

(8) Hi X G -^ F 

qopn 

Hi X G -^ 

Ho - >-M' 

^ <?o 

is a Morita morphism of S^-central extensions [25]. 

Proof. This can be verified directly, which is left to the reader. □ 

As an immediate consequence, we have the following 

Corollary 2.10. For any integer class a € Hq{M,'L), there exists a G-equivariant bundle 

gerhe Hi ^ Hi ^ Hq over M such that the Dixmier-Douady class of Hi x G Hi x G ^ 
Ho is equal to a under the natural isomorphism 

H^{{H X G).,Z) ^ H^{{M X G).,Z) ^ Fr^(M,Z). 

Proof. For any a G H^{M,Z) = H^{{M x G).,Z), according to Proposition 4.16 in 
[5], one can always represent a by an S'^-central extension [5, 24] F p ^ where 
p : M' —> M is etale and surjective, and F = {{x,g,y) G M' x G x M'\ p{x)g = p{y)} is 
the pull-back groupoid of M x G ^ M via p. Then 


(9) 


xG 


M '— 


is a Morita morphism, where, by abuse of notations, p :T —)■ M x G is given by p{x, g, y) = 
{p{x),g). The groupoid structure on F ^ M' is given by s{x,g,y) = y, t{x,g,y) = x, 
{x,g,y){y,h,z) = {x,gh,z) and {x,g,y)~^ = {y,g~^,x). Thus we are in the situation 
described at the beginning of this section. In particular, the Dixmier-Douady class of 
the S'^-central extension Hi x G ^ Hi x G ^ Hq is equal to a under the isomorphism 
H^{{H X G).,Z) = H^{{M X G).,Z) = Hq{M,7j). This concludes the proof of the 
corollary. □ 
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Proof of Theorem 2.8 It remains to prove that the Dixmier-Douady class, in the 
Cartan model, defined by the equivariant 3-curvature of the G-equivariant bundle gerbe 
Hi Hi ^ Hq in Corollary 2.10 is equal to ol. This essentially follows from a theorem 
of Stienon (Theorem 4.6 in [27]). More specifically, if rjc € Zq{M) is the equivariant 
3-curvature of the G-equivariant bundle gerbe Hi ^ Hi ^ Hq, then [tjc] maps to the 
Dixmier-Douady class of the central extension Hi xi G —Hi x G ^ Hq, under the 
isomorphism Hq{M) ^ H^j^{{H x G).) according to Theorem 4.6 in [27]. The latter 
corresponds exactly to a according to Corollary 2.10. 

Finally, let O' G be a connection of the 5^-central extension T ^ T ^ M', which 

always exists according to Proposition 2.5. Let 9 = q*9' € D^(iLi), where g is as in Eq. (7). 
Since ^ is a morphism of S'^-central extensions, 9 is clearly a connection of the S'^-central 

extension Hi Hi ^ Hq. Since q{T ■ g) = g^(r), Vr G Hi, 51 G G, it follows that 9 is 
G-invariant. Since X H9 = 0, \/X G g, thus 9 is G-basic. This concludes the proof of the 
theorem. 

Remark 2.11. When G is a compact simple Lie group and G acts on G by conjugation, 
there is an explicit construction of G-equivariant bundle gerbe due to Meinrenken [19] (see 
also [16] for the case of G = SU{n)). 

2.4. Geometric transgression. For a Lie groupoid F ^ Fq, by S'F we denote the space 
of closed loops {g G F|s((/) = t{g)}. Then F acts on 5F by conjugation: 7 • r = 

V 7 G F and r G 5F such that 5 ( 7 ) = f(r). One forms the transformation groupoid 
AF : 5F X F ^ 5F, which is called the inertia groupoid. If F —)■ F ^ Fq is an 5^-central 
extension, then the restriction F| 5 r is naturally endowed with an action of F. To see this, 
for any 7 G F, let 7 G F be any of its lifting. Then for any r G Flsr such that 5 ( 7 ) = t(r), 
set 

(10) r • 7 = 7 “^r 7 . 

It is simple to see that this F-action is well defined, i.e. the right hand side of Eq. (10) is 
independent of the choice of the lifting 7 . Thus Fj^r *ST naturally carries an 5^-bundle 
structure over the inertia groupoid AF ^ S'F (see also Proposition 2.9 in [28]). 

Proposition 2.12. Let T ^ Fq be a Lie groupoid. Then any -central extension F —)■ 
F Fq induces an -bundle over the inertia groupoid AF ^ SF. 

Remark 2.13. In general, the inertia groupoid is not a Lie groupoid since S'F may not 
be a smooth manifold. 

Now assume that F A F ^ Fq is an 5^-central extension representing a G Hq[M,'L). 
By Proposition 2.5, this central extension admits a connection 9 G D^(r). According 
to Proposition 3.9 [28], there exists an induced connection on the associated 5^-bundle 
r|sT —> 'S'L over the inertia groupoid AF. Since F ^ Fq is Morita equivalent to M x G ^ 
M, AF is Morita equivalent to A(M x G), where the Morita equivalence bimodule is 
induced by the equivalence bimodule between F ^ Fq and M x G ^ M. Thus one 
obtains an S'^-bundle P with a connection over the groupoid A(M x G), according to 
Corollary 3.15 in [25]. 

It is clear that the groupoid A(M x G) is isomorphic to M^) x G 

where = {x G M\x • 5 ^ = x} is the fixed point set under the diffeomorphism x ^ x ■ g. 
By Wg^QP^ —> Wg^QM^, we denote this 5^-bundle. As a consequence, we obtain a 
family (i.e. over a manifold instead of over a groupoid) of S'^-bundles P^ —M®, with 
connections, indexed by 5 : G G, on which G acts equivariantly preserving the connections. 
The main result of this section is the following 
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Theorem 2.14. Let a € Hq{M,Z). 

(1) Assume that T ^ T is an S^-central extension representing a, where F ^ Fq 

is the pullback groupoid of the transformation groupoid M y\G ^ M via a surjective 
submersion p ; Fq —)■ M. Then T ^ F Fq canonically induces a family of G- 
equivariant fiat -bundles —)■ indexed by g £ G. 

Here, for any h ^ G, the action by h, denoted Rh by abuse of notations, is an 
isomorphism of the flat bundles {P^ —)■ M^) i-a [P^ 9^ —)■ 9 h'^ 

Rh ; M9 —)• 9 h. Moreover, g acts on P9 as an identity. 

(2) //F A F ^ Fq and F' ^ F' ^ Fg are any two such -central extensions, their 

induced families of flat -bundles WgfzciP^ —^ PI9) and ^ M9) are 

G-equivariantly isomorphic. 

We need a few lemmas. Note that F = {{x,g,y) G Fq x G x Fq] p{x)g = p{y)} and 
5F = {{x,g,x) G Fq X G X FqI p{x)g = p{x)}. For any g € G, denote 

{Sr)g = {{x,g,x) G Fo X G X Fol p{x) G 
By ig : {ST)g —> F, we denote the natural inclusion. 

Lemma 2.15. Assume that oj G ll^(F) is a multiplicative k-form, i.e. satisfies duj = 0. 
Then i*gOJ = 0. 

Proof. For simplicity, we prove the lemma for the case k = 1. Differential forms of higher 
degree can be proved in a similar manner. Fix any tangent vector 5x G TxP~^{M9). Let 
dm = P*dx G TmM, where m = p{x), and G^™ = {/i G G\Rh*dm = dm}, the isotropy group 
at dm of the lifted G-action Rh, on TM. For any h G G^™, {dx,0h,dx) is clearly a well 
defined tangent vector in T(^x,h,x)^, where Oh G ThG is the zero tangent vector. Since G'^’" 
is compact, then {dx,0h,dx) —Iw, considered as a function on G*^*", must be bounded. On 
the other hand, it is simple to see that, with respect to the tangent groupoid multiplication 
TF =1 FFq, we have 

{dx,0g,dx) ■ {dx,0g, dx) - {dx,0g2 , dxf 

Since div = 0, it follows that 2{dx,0g,dx) Hu = {dx,0g2,dx) Hu. Hence, for any n G N*, 

{dx ,0g , dx^ - \u - ~(dx, Ogn , dx) - \U. 

Since g^ G G^*", it thus follows that (dx, Og, dx) Hu = 0. Hence igU = 0. □ 

Lemma 2.16. The groupoid ^ ('S'r)g is Morita equivalent to the transformation 

groupoid M9 xi G^ =1 M9 . 

Proof. Consider 

AF|(5 r),—M^ xG^?. 

(5F)g — - —^ M9 

Here the map (p : AF|( 5 p)^ ^ M9 x G9 is defined by (p{(x, g, x), (x, h, z)) = 

{p(x),h), y({x,g,x), (x,h,z)) G 5F x F|(sr)„, and v?o : (5'F)g ^ M9 is ipQ(x,g,x) = p(x), 
\/{x,g,x) G (ST)g. It is simple to check that the diagram above indeed defines a Morita 
morphism. □ 

Proof of Theorem 2.14 

(1). Note that for any g £ G, the 5^-bundle P9 —> M9 is induced from the S'^-bundle 
r|(5r)g ^ ('S'r)g over AF|(5r)g- According to Proposition 2.5, the S'^-central extension 
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r —> r admits a connection 9 € i7^(r). Let io € r2^(r) be the curvature of the 5^-bundle 
r —)■ r, i.e. d9 = Tr*uj. Since dO = 0, it follows that dui = 0. Hence Lemma 2.15 implies 
that r|(- 5 p)^ —> (<ST)g must be a flat bundle over Ar|( 5 p)^ =1 {ST)g. Therefore —)■ 

is a flat bundle over the transformation groupoid x (5^ ^ , according to Corollary 

3.15 in [17]. 

Assume that 6 ' G is another connection of the central extension L —)■ L ^ Lq. 

Then 6 — O' = tt*^, where ^ G f2^(r) satisfies the equation = 0. Applying Lemma 2.15 
again, we obtain that ^[(^r) = 0. It thus follows that 9' = 9 when being restricted to 

By construction, for any u G M^, Pi = Ws^x\p{x)=u}'^\{x,g,x)/ where ~ is the equiv¬ 
alence relation between elements in and those in '^\{y^g^y) with p{x) = p{y) = u 

induced by the action of the element (x, l,y) G T as given by Eq. (10). To prove that g 
acts on P^ by the identity map, it suffices to show that 7 ;= {x,g,x) acts on P^ by the 
identity. The latter is equivalent to the identity: 

( 11 ) 7 ^ 7 "^ = 

for any 7 G r|(2,g 2,) which lifts 7 = {x,g,x), and any ^ G Since 7 and ^ lie in the 

same fiber r|(j, g j,), we may assume that ^ = A 7 , A G C*. Eq. (11) follows immediately 
since T ^ T is an A^-central extension. 

(2). To prove (ii), assume that T' T' ^ Tq is another A^-central extension repre¬ 
senting a, where ^ : Tq —M is a surjective submersion and T' ^ Tq is the pullback 
groupoid of the transformation groupoid M y<\ G ^ M hy p'. Let Tq = Tq Xm Eq. By 
pr^ : Tq ^ To and pr 2 : Tq —)■ Tq, we denote the natural projections. Let T" =1 Tq be the 
pull back groupoid of the transformation groupoid M x G ^ M via p" : Tq — M. By 
assumption, pr^(r ^ T ^ Tq) and pr 2 (r ^ T ^ Tq) are Morita equivariant A^-central 
extensions. Since p" = yopr 2 = popr^, one finds that T" ^ Tq is isomorphic to the 
pullback groupoids pr][(r =1 Tq) and pr 2 (r' =1 Tq). Therefore, we obtain two Morita equi¬ 
variant A^-central extensions: pr^ T —T" ^ Tq and pr^ T' ^ T" ^ Tg. By Proposition 

4.16 in [5], there exists an S^-bundle L Tg such that pr^ T' = L ® pr* T ( 8 ) L~^. It 

thus follows that pr^ r'|( 5 'r")g — PPir|( 5 r")g- This implies that r'|( 5 'r')g (<5^%, as an 

5^-bundle over AT'lj-^p^ ^ {ST')g, is isomorphic to rjj-^p) —> (5r)g, as an S^-bundle 
over Ar|( 5 P)^ ^ (Sr)^. 

Remark 2.17. Freed-Hopkins-Teleman also proved the existence of a family of flat S^- 
bundles over using a different method [14]. 

2.5. Localized twisted equivariant cohomology. Let us first recall some basic con¬ 
structions of Block-Getzler [ 8 ]. Following [ 8 ], by a local equivariant differential form on 
M, we mean a smooth germ at 0 G 0 of a smooth map from 0 to Q*{M) equivariant under 
the G-action. Denote the space of all local equivariant differential forms by Dg(M), i.e. 
Q.*q{M) := G^( 0 , D*(M))‘^. Here for a finite-dimensional vector space V, C^(V) denotes 
the algebra of germs at 0 G H of smooth functions on H. It is clear that ^q{M) is Z/2- 
graded, and is a module over the algebra G“( 0 )^ of germs of invariant smooth functions 
over 0 . The usual equivariant differential do = d + i ■. VL*q{M) —)■ D^^(M) extends to a 
differential, denoted by the same symbol do, 
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satisfying (Iq = 0. Thus we obtain a Z/2-graded chain complex (n^(M), dG), which can 
be considered as a certain completion of the Cartan model of the equivariant cohomology 

Hhm. 

Now let G act on the manifold underlying G by conjugation: h ■ g = g ^hg. For any 
g (z G,hy we denote the fixed point set of the diffeomorphism induced by g on M. Let 
G^ denote the centralizer of g: G^ = {h (z G\gh = hg}, and g® its Lie algebra. Consider 
the space of equivariant differential forms G)g := Clcg{M^), which consist of germs 

at zero of smooth maps from to n(M®) equivariant under G^. It is easy to see that 
if tc G Q‘{M, G)g, k ■ id £ G)g.k- Moreover, the equivariant differential coboundary 

operators on {fig 3 (M®), g G G} are compatible with the G action as well. That is 

k ■ dcau = dQAdf,g{k ■ Lo), 

where dca ■ ^'{M,G)g —)■ Cl‘{M,G)g is the equivariant differential on Ct‘{M,G)g. The 
family of cohomology groups G)g,dGs) are called localized equivariant cohomol¬ 

ogy- 

For any a G let WgfzcP^ be a family of G-equivariant flat 5^-bundles as 

in Theorem 2.14, and L = where Xgi C, ^/g G G, are their associated 

G-equivariant flat complex line bundles. 

Choose a G-equivariant closed 3-form ric £ such that [rye] = Following Block- 

Getzler [ 8 ], we consider the localized twisted equivariant cohomology as follows. Denote 
by Cl'{M,G,L)g the space 0,Ga{M^, L^) of germs at zero of G^-equivariant smooth maps 
from g^ to , L^). By we denote the twisted equivariant differential operator 

Vg + i — 2irigG on D.Ga{M^, L^), where Vg : Qg9 {M3, L^) , L^) denotes the 

covariant differential induced by the flat connection on the complex line bundle —)■ , 
and r]G acts on D.Ga{M^, L^) by taking the wedge product with ig^G- Here i* : Hg'(M) —)■ 
Qg9 {M^) is the restriction map. It is simple to see that = b) and {dQg\g G G} 

are compatible with the G-action. The family of cohomology groups are denoted by 
H*{Q‘{M,G, L)g,dQg), and are called localized twisted equivariant cohomology. 

The proposition below justifies our definition. 

Proposition 2.18. Assume that and are equivariant closed 3-forms in Zq{M) such 
that Vg ~ dh ~ ^gBc, for some Bg G ^q{M). Then 

^Ba-^‘iM,G,L)g n-{M,G,L)g 

oj !-)• exp(27riHG)a; 

defines an isomorphism of the cochain complexes from (H*(M, G, L)g, SI g -\- i — 27riryg) to 
{^•{M,G,L)g,Vg + i-2T:ir,l). 

Moreover, if Bg is a coboundary, then induces the identity map on the cohomology 
group H*{ri'{M,G,L)g,dQg). As a consequence, there is a canonical map 

( 12 ) id^(M) ^ Aut(id*(H*(M,G,L) 3 ,dSg)). 

Proof. The proof of the first part is straightforward. We note that the exponential does 
make sense, since, if Bg = /? -|- / G VL^{M)^ 0 (g* 0 exp(27ri/) G G°^{g,M) is 

well-defined and exp(27ri/I) is a finite sum: Y2k<diraM/2 

For the second part, assume that Bg = dey, with 7 G Then ry^ = ry^. A 

simple calculation (see e.g. [28, Prop. 4.8]) shows that, for any cocycle lo G 0,'{M,G,L)g, 
we have 

^Bq^ — w = (V 0 t — 2mgQ){uoj), 

where u = □ 
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As a consequence, the localized twisted equivariant cohomology G,L)g,dQg) 

depends on L up to an isomorphism. 

3. The Hochschild-Kostant-Rosenberg theorem 

3.1. Equivariant cyclic homology. The Connes’ Hochschild-Kostant-Rosenberg theo¬ 
rem states that if M is a compact manifold, then 

r ; ao <8* • • • Ufc !-)■ —aodai ■ ■ ■ da^ 
k\ 

induces an isomorphism from HPi{C°°{M)) to for i = 0,1. In fact, r is a 

chain map from the periodic cyclic chain complex (PC,(C'°°(M)), 6 -|- B) to the de Rham 
complex {Q*(M),dDR) [12, 13]. In general, we have the following 

Proposition 3.1. Let A be an associative unital algebra over C, {Ll',d) a differential 
graded algebra, {Cl‘,d) a chain complex, and p : A ^ an algebra morphism. Assume 
that Tr: ^ R* is a chain map, called a (super-)trace. Then the map r : PC,{A) —)■ Q' 
given by 

r ; oo (8 • • • <8 Ofc t-> — Tr{p{ao)dp{ai) ■ ■ ■ dp{ak)) 
k[ 

is a chain map from (PC',(A), 6 -|-R) to {fl‘,d). 

The goal of this section is to prove a counterpart of the above result for a G-equivariant 
curved differential graded algebra. 

Assume that A is a topological algebra over C endowed with an action of a compact Lie 
group G by automorphisms. Let A = A0C1 be its unitization considered as a G-algebra, 
where G acts on the unit 1 trivially. Set CG^{A) = G°°{G,A (8 where G acts 

on itself by conjugation, and <8 denotes an appropriate topological tensor product chosen 
according to the situation. There exist two differentials b : GG(f{A) —)■ GG^^(A) and 
B : GG^{A) —>■ C'C'^^(A), defined, respectively, by 

fc-i 

® ao <8 • • • <8 afc)(5r) = y~](-l)V(g)ao (8 • • • (8 00+1 <8 • • • <8 Ofe 

i=0 

+(-l)^P(5)(5"^afc)ao (8 oi (8 • • • (8 ak-i 
k 

B{ip®ao0---(g)ak){g) = ^(-l)^V(ff)l <8 <8 • • • 

i=0 

• • • <8 {g~^ak) (8 ao <8 • • • (8 a^-i, 

G G°°(G), Oj G A, i = 1 , • • • ,k. 

It is simple to check that h‘^ = B'^ = bB + Bb = 0. Let PCp(A) = 0 meNC'C'j^ 2 m(^)- 
The G-equivariant periodic cyclic homology of A is defined to be the homology group of 
the chain complex (PC^(A), h + B): 

HP^{A) = H,{PC^{A),b + B). 

The following result is due to Brylinski [10, 11]. 

Proposition 3.2. Let A be a topological associative algebra, and G a compact Lie group 
acting on A by automorphisms. Then there is a natural isomomorphism 

HP^{A) ^ HP,{A X G), 

where A x G := G°°(G, A) is the crossed product algebra. 
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We refer to [30] for the general theory of equivariant periodic cyclic homology. 

3.2. Traces on curved differential graded G-algebras. We use the standard notation 
for the Lie derivative: Lxa. = X ■ a = limt_^o -—for all X ^ g. 

By an N-graded G-vector space with a connection, we mean a N-graded vector space 
equipped with a degree preserving G-action whose infinitesimal g-action is de¬ 
noted by Cx, together with a G-equivariant linear map V : 12* —)■ of degree 1, and a 

G-equivariant linear map i : g —> Der“^(f2*) satisfying the following identities: 

(i) ix = 0 for all X G g; 

(ii) Vix + txV = Cx- 

Here Der“^(n*) denotes the space of degree —1 derivations on 17*. The operators lx are 
called contractions, the operators Cx are called Lie derivatives, and the operator V is 
called connection. 

A morphism between two N-graded G-spaces with connections is a G-equivariant linear 
map of degree 0 which interchanges the connections and contractions (and hence the Lie 
derivatives as well). 

Similarly, an N-graded G-algebra with a connection is a N-graded topological algebra, 
which is an N-graded G-vector space with a connection such that Cx-, i-x, and V are all 
derivations of the graded algebra. 

Given an N-graded G-space with a connection (17*, V), and 0 G 17^, set 
(13) r?G = (V + 00, 

which is a map from g to 17*, i.e., t]g{X) = V0 -|- ix0, VA G g. In the sequel, we write 
12 = V0 G 12^ and rjx = tA0 € 12^. 

Definition 3.3. A curved differential graded G-algebra is an N-graded G-algebra with a 
connection (12*, V) such that = [0, •] for some 0 G 12^ satisfying the properties that 
VA G g, CxQ = 0, and rjoiX) is central in 12*. 

For instance, for a graded G-manifold M, the de Rham complex (12*(M), ^dr) is clearly 
a (curved) differential graded G-algebra with 0 = 0. 

A module over a N-graded G-algebra with a connection (12*, V) is a N-graded G-space 
with a connection (12*, d) such that V/3 G 12* and to G 12*, 

(i) di^Lo) = V/3 • w + (-l)l^l/3 • do;; 

(ii) IxiPu;) = -h (-l)l^l^ix<^- 

Definition 3.4. A trace map between a curved differential graded G-algebra (12”)„eN s-ncl 
a N-graded G-space {Q^)neN with a connection, is a morphism Tr : 12* —)■ 12* of N-graded 
G-spaces with connections such that the following identity holds for a fixed central element 
g € G: 

Tr(a;ia;2) = (-l)'"^!'l‘^2lTr((ff-ia;2)wi), Vwi, W2 G 12*. 

Lemma 3.5. Let (l2*,d) be a module of a curved differential graded algebra (Z*,V) such 
that d^ = 0. Assume that = [0, •] for Q £ Z^. Let 

G^(12) :=Go“(g,l2*)G 

be the space of smooth germs at 0 G g of G-equivariant maps from g to . Then 
(Gg(l2),d -|- i -|- r/c) is a chain complex, where the coboundary operator d + I + tjg is 
defined by 

(d + T+7jG){io){X) = d{i 0 {X)) + Tx{io{X)) + pg{X) - io{X),y to G G^(l2), A G g. 
Here rjG is defined by Eg. (13). 
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3.3. From equivariant periodic cyclic homology to equivariant cohomology. We 

are now ready to state the main result of this section. 

Theorem 3.6. Let (0*, V) be a curved differential graded G-algebra with = [0, •], and 
{Q,*,d) a N-graded G-space with a connection. Let Tr: Ll* ^ Q* be a trace map. Assume 
that is a module over the curved differential graded G-algebra Z* generated by rjoiX), 
i.e. by VQ and IxQ, 'LX G g, such that 

Tr{l3uj) = PTno, V/3 G Z*, w G LlL 

Then, for any algebra homomorphism p : A ^ Lf*, the map r : PCf^{A) —> Cq{^) defined 
by 


t{(p <g) ao (8) • • • ak){X) 

J^k 

Lip G G°°{G), Qi G A,i = 1, ■ ■ ■ ,k, where Ak = {(ti,..., tfc)! 0 < < • • • < tfc < 1} and 

V(h^)/3 = Lfiefl* 

is a chain map from {PG^{A), b B) to {Gq{0.), d + i + ric)- 
We start with the following 
Lemma 3.7. For all fi G 

at 

Proof. We have 

-^(e-*®(e-*^^)e*®) = e"'® [0, e-*^/3]e'® + 

where we have used the identities; = [0, •] and Cx = V + Vix- Now, since fl = V0 
is central by assumption, we have 


Vv(*’^)(/3) 


V(e"*®V(e"*^/3)e*®) 


e-iev 2 (g-ix^)gt 0 _ V(e"*^/3)]e*® 

e-i©V2(e-*^^)e*®. 


(since Li is central) 


Similarly, since lxQ ■= Px is central, we have ixXLX)(^fi) = e *®txV(e *^/3)e*®. The 
result thus follows. □ 

Proof of Theorem 3.6 

Without loss of generality, we may assume that A = 17^ and p = id. We compute 
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{d + (8) oo (8) • • • ak){X) 

= [ (d + i'x)Tr((/9((5re'’^)aoV*'*^’'’^^ai • • • dti • • • (itfc 


'Afc 


Tr((V + Lx)i^{ge^)aoX^^^’^'>ai ■ ■ ■ ®)) dti • • • dtk 

V9(5e^)Tr(VaoV(*i’^)ai • • • dti • • • dtk 


k „ 

+ / ¥^(5e^)Tr(aoV('i’^)ai • • • (V + dti • • • d4 

i=l 

+ (-1)*^ [ ip{ge^)Tr{aoV^^^’^^ai ■ ■ ■ V(‘'=’^)afc(V + ix)e“®) dti • • • dtk 
J^k 

= / + // + III. 


Next we examine each term I, II and III separately. Since (V + ix)^ ®* 
gx), the third term is equal to 


—e ®(a + 


III = -(-1)^/ Tr(^(5e^)aoV('i’^)ai---V(''=’^)afce-®(a + r?x))dti---d4 

J^k 

= -{a + rix)T{(p®aQ®---®ak){X). 


Using Lemma 3.7 above, we see that the second term 

k 

II = f ( ^(-l)*+^Tr(^(5e^)aoV(*i’^)ai ... (e“*'-i® (e“*'-i^ai)e‘'-i®) 

J {ti,...,ii,...,tk)&^k-l i—l 

• • • e"®) + (-l)*Tr(^( 5 e^)aoV(*i’^)ai • • • 
v(L-i,Y)^._i • • • e"®) )dti • • • dU • • • d4 


with to = 0 and tk+i = 1 by convention. 
After re-indexing, we obtain 


k 

11= j ^((-l)*+^Tr((/j(c/e^)aoV(*i’^)ai...V(*'-i’^)ai_ie“*'-i® 

./(ii,...,tfc_i)eAfc_i 

V(e-*-i^)ai_i)(e-*-i^ai)e*-i® • • • V^^'^-i’^^afee-®) dti • • • dtk-i 
+(-l)*Tr(^(5e^)aoV(*i’^)ai ... (e-**^ai)V(e-‘^^ai+i)e‘^® • • • 
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After replacing i by i + 1 in the first sum, and using the derivation property for V, we 
obtain 

II = f (Tr((/?(g'e^)aoaiV^*^’'’*'^a 2 • • • 

k-l 

+ ^(-l)'Tr(</p(5e^)aoV('i’^)ai • • • V(*-^)(a,a,+i) • • • 
i=l 

+{-l)^Tr{ip{ge^)aoV^^^’^^ai ■ ■ ■ ak))) dti ■ ■ ■ dtu-i 

k-l 

= ^(-l)V((/9 (g) ao <Xi • • • <Xi aitti+i (g • • • (g Ofc) 

i=0 

+(-l)^ [ Tr{(f{ge^){g~^e~^ak)aoV‘'^^'^''ai ■ ■ ■ dti--- dtu- 

d Afc_i 

= (r o 6)((^ g oo <g • • • (g afc)(X). 

It remains to show that the first term I is equal to {t o B){(p ® qq ® ® ak){X). 


(r o (g oo (g • • • <g ak){X) 

k „ 

= ^^(- 1 )"*/ Tv{ip{ge^)vdoX)^g-le-^ak-^+l)■■■ 

i=0 d^k+i 

■ ■ ■ • • • V^^^’^^ak-ie-^) dto--- dtu 

k 

= ^ [ Tr(^(3e^)V('^’^)ao • • • 

i=0 d^k+i 

■ ■ ■ dt^--- dtu 

k 

= ^ / Tx{ip{ge^)e-^^^ ■ (Vao • • • ak-M^^^°-^-^\k-i+i • • • 

i=0 d ^k+i 


y(i+U_i ^)dto---dtk, 


where we used the G-invariance of V. 

Change variables. Sq fu • • • ? ^k—i f/c "^/c—i+i 1 “ffo • • • ? 

1+ti-i—ti. One immediately checks that (to, ■ ■ ■ ,tk) G A^+i if and only if (si,..., Sk) G 
and Sk-i < 1 - s'o A Sfc-i+i- Thus, 

(r o ;B)((^ (g ao (g • • • <g ak){X) 

k 

= ^ / [ Tr(e-^o^ • (ip{ge^)VaoV^^^’^'>ai • • • V^^^’^'>ak) e"®) d^dsx • • 

Since cp <S) clq ^ - <S) (ik is a G-invariant element by assumption, it follows that 

ip{ge^)XaQX^^^’^^ai ■ ■ ■ must be also G-invariant. Therefore the equation above 

equals 


k 

E 

i=o ■ 


(Sfc_i+1 - Sk-i)Tx{ip{ge^)XaoX^''^’^'^ai ■ ■ ■ Ai^^g ©) dsi ■ ■ ■ dsk, 


■ dsk- 
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(with So = 0 and s^+i = 1 by convention), which in turn is equal to 

Tr((/j(5e^)VaoV(*i’^)ai • • • V("'=’^)afce"®) dsi • • • dsk- 


L 


This concludes the proof of Theorem 3.6. 


4. Main theorem 

4.1. Pseudo-etale structure. Let M be a manifold with an action of a compact Lie 
group G. In this section, we investigate a special kind of G-equivariant bundle gerbes, 
whose properties are needed for our future study. 

Recall that a pseudo-etale structure [4, 23] on a Lie groupoid Hi ^ Hq is an integrable 
subbundle F of THi such that 

(1) F ^ THq is a subgroupoid of the tangent Lie groupoid THi ^ THq; 

( 2 ) for all 7 € s* ; Ky —)■ and : F^ ^ are isomorphisms; 

(3) F\h, = THo. 

Definition 4.1. (1) Let / ; —)■ M be a surjective submersion. For any x € M, 

denote by N^, the fiber f~^{x). A fiberwise measure is a family {fix)x&M of measures 
such that for all x, the support of fix is a subset of Nx- 
(2) A fiberwise measure fi = {ij,x)x&m is said to be smooth if for all / G C^{N), the 
map 

is smooth. 

Proposition 4.2. Let p : M' —)■ M be an immersion such that 

(1) a : M' X G —)■ M, a{x,g) = p{x)g is a surjective submersion, and 

(2) Vx, y G M' and g € G satisfying p{x) = p{y)g, there exists a diffeomorphism f 
from a neighborhood Ux of x in M' to a neighborhood Uy of y in M', which is 
compatible with the diffeomorphism on M induced by the action by g. That is, 

p{(j){z)) = p{z)g, yzeUx. 

Let Hq = M' X G, and Hi = Hq x m Hq. Then 

(1) there is a G-invariant pseudo-etale structure on the Lie groupoid Hi z4 Hq; 

(2) there exists a G-invariant Haar system {X^)x£Ho on the Lie groupoid Hi Hq. 

Proof. (1) For any ((x, g), {y, h)) G Hi, where x, y G M' and g,h ^ G, set 

P({x,g),{y,h)) = {{{u,lgX), {v,lhX))\\/u G TxM', v G TyM' , X G 0 such that Rg,,p^u = Rh*P*v}^ 

It is simple to see that F is a G-invariant subbundle of THi, and is a Lie subgroupid of 
THi ^ THq. To prove that s* : Fy ^ Tg;.y)HQ is an isomorphism, it suffices to show 
that, for any ((x,y), (y, h)) G Hq Xm Hq, and any u G TxM' and A G g, there is a unique 
V G TyM' such that Rg^^p^fU = Rh*p*v. This holds due to the fact that 

R-i*{p*{TxM')) = p^{TyM'), when p{x)'y = p{y), x,y G M','y € G, 

which follows from Assumption (2). To see that F is integrable, note that for any 
{ix,g),{y,h)) G Hi, the submanifold {{z,g^),{(t){z),h'y)\z G Ux,^ G G} is a leaf of F 
in Hi through this point. 

(2) It is simple to see that Haar systems on the Lie groupoid Hi ^ Hq are in one-one 
correspondence with fiberwise smooth measures of the map a : Hq -g M, and G-invariant 
Haar systems correspond to a G-invariant fiberwise smooth measures. Such a measure 
always exists since G is compact. □ 
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Example 4.3. Let (C/*) be an open cover of M, and p : M' = ]J C/j ^ M the covering 
map. It is clear that the assumption in Proposition 4.2 is satisfied. 


4.2. Statement of the main theorem. Let / : iV —> M be a surjective submersion. For 
any x € M, denote by Nx the fiber f~^{x). Assume that E is a horizontal distribution 
for f : N ^ M, i.e. a subbundle F C TN satisfying the condition that for all y a N, 
/* : Fy Tj-(^yjX is an isomorphism. For any vector field X on M, denote by X its 

horizontal lifting on N, and by the flow of X. Note that the flow preserves fibers. 
More precisely, for any re € M and any compact subset K C Nx, if \t\ is small enough, 
then <I>i is well defined on K and maps K to Ny for some y £ M. 

We say that a fiberwise smooth measure {px)xeM of / : X —>■ M is preserved by F if 
for any vector field X on M, any x € M, / G C^{Nx), t > 0, y £ M such that 4>t is well 
defined on the support of / and maps it to Ny, the equality 

j fdpx = j f o )“^ dpy 

holds. 

Note that a pseudo-etale structure on a Lie groupoid Hi ^ Hq induces an action of the 
Lie groupoid Hi ^ Hq on the vector bundle THq —> Hq. 

Definition 4.4. Let M be a G-space. An immersion p : M' —)■ M is said to be nice if 
it satisfies the assumptions in Proposition 4.2, and, in addition, there exists a G-invariant 
integrable horizontal distribution F' for the surjective submersion a : Hq := M' xG ^ M 
and a G-invariant fiberwise smooth measure {px)x£M for a : Hq -£■ M such that 

(1) E' is preserved under the action of Hi Hq induced by the pseudo-etale structure 
E C THp, 

(2) {px)x£M is preserved by E'. 

Lemma 4.5. Assume that M is a G-space, and p : M' -£ M is a nice immersion. Equip 
a G-invariant Haar system on Hi Hq as in Proposition 4-2- For any vector field X on 
M, denote by Y its horizontal lift to Hq tangent to F', and by X the corresponding vector 
field on Hi tangent to F such that tfiXfi) = yh £ Hi. Then the flow of X maps a 

t-fiber to another t-fiber, and preserves the Haar system. 

Proof. Denote by tpt and the flows of X and Y respectively. Since t^{Xh) = for 
all h £ Hi, we have pt{h) £ for all h £ Hf. 

Moreover, since sfiXh) = Yg^^p^, the following diagram commutes; 


H 


1 

ft 


H 


0\u(x) 
ft 


H 


f'ti^) 


H 


0\cT{f'Px))- 


The conclusion follows easily. □ 

Lemma 4.6. Let M be a G-space, (Ui) any open cover of M, and p : M' := JjEj —M 
the covering map. Then p : M' -£ M is a nice immersion. 

Proof. In this case, Hq = WUi x G. It is easy to see that for any {x,g) £ Ui x G, 

F'x,g = {(^^,0)|u G TxUi) C T(x,g)HQ 

is a G-invariant integrable horizontal distribution for the surjective submersion a : Hq -£■ 
M. Define a G-invariant fiberwise smooth measure {px)x£M for a : Hq —)■ M as follows. 
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For any x G M, 

G G,xg~^ G Ui} 

i 

For / G C^ia-^ix)), 

J fdUx = Y1 

where is the right invariant Haar measure on G. It is simple to check that, equipped 
with the above structures, a is indeed a nice immersion. □ 

Now assume that a G Hq{M,'Z) = H^{{M xi G).,Z) is an equivariant integer class. Let 
p ■■ U Ui ^ M he an open cover of M such that a is represented by an S^-central extension 
F A F ^ ]J Ui- Then, according to Lemma 4.6, p : M' := ]J I/j ^ M is a nice immersion. 
I^et Hq = M' xG, Hi = Hq XmHq, and Hi = Hi XpL. Then, according to Corollary 2.10, 
Hi ^ Hi ^ Hq is a G-equivariant bundle gerbe over M such that the Dixmier-Douady 
class of Hi X G Hi x G ^ Hq is equal to a under the natural isomorphism 

H^{{H X G).,Z) ^ H^{{M X G).,Z) ^ H^{M,Z). 

Indeed, according to Theorem 2.8, we can choose an equivariant connection 9 G 

and an equivariant curving Bq G ULq{Hq), whose equivariant 3-curvature rjc G 0,q{M) 

represents a in the Cartan model. Write 

(14) Bg = B + X, B £n‘^{Ho) andX£iQ*^C°°{Ho)f. 

Moreover, we can assume that 9 G ^^{Hi)^ is G-basic. Hence G Q^{Hi x G) is a 

connection for the S'^-central extension Hi x G Hi x G ^ Hq according to Lemma 3.3 
and Remark 3.5 [27]. By Theorem 2.14, there is a family of G-equivariant flat S^-bundles 
indexed by s' G G such that the action by h is an isomorphism of flat bundles 

(P® — > M®) l-A {P^ ]^h . J\^g J^h ^gh g gg^g pg gg 

an identity map. 

Let = P^ XgiC be the associated complex line bundle. Denote, by V^, the induced 
covariant derivative on —?> M^. 

By choosing a G-invariant Haar system {X^)xeHo the groupoid Hi ^ Hq, which 
always exists according to Proposition 4.2, we construct a convolution algebra C^{H, L): 
it is the space of compact supported sections of the complex line bundle L ^ Hi, where 
L = x^i C, equipped with the convolution product: 

{C*V){1)= [ ^^e{h)-g{hS)Xd'r){dh), Ve,r/GFe(L). 

The following lemma can be easily verified. 

Lemma 4.7. C^{H,L) is a G-algebra. 

The main result of this section is the following 

Theorem 4.8. Under the hypothesis above, there exists a family of G-equivariant chain 
maps, indexed by g € G: 


Tg : (PC^(G-(P,L)),6 + H) ^ G,P)„dg,) 



20 


JEAN-LOUIS TU AND PING XU 


By G-equivariant chain maps, we mean that the following diagram of chain maps com¬ 
mutes: 

L)), b + B) G, L)g,d2;,)) 



As an immediate consequence, we have the following 

Theorem 4.9. Under the same hypothesis as in Theorem 4-8, there is a family of mor- 
phisms on the level of cohomology: 

(15) Tg : HP^{G^{H,L)) ^ {{n-{M, G, L)g, d^;,)) 

The proof of Theorem 4.8 occupies the next two subsections. The idea is to apply 
Theorem 3.6. First of all, since, G^, Vg € G, is a Lie subgroup of G, there is a natural 
chain map 

(16) (PC^(Gr(ff,L)),b + B) ^ (PC^^(Gr(ff,L)),b + B). 

To define the map Tg, we need to construct a chain map: 

(17) (PC^^(Gr(ff,T)),b + B) ^ (n‘(M,G,L)g,d^,) 

For this purpose, we need, for each fixed g € G, 

(1) to construct a curved differential graded G^-algebra (fl*, V) together with an al¬ 
gebra homomorphism p : G^{H, L) — 

(2) a trace map Tr^ : Pi* —> , L^). 

Then we need to prove that they satisfy all the compatibility conditions so that we can 
apply Theorem 3.6 to obtain the desired chain map. 

4.3. A curved differential graded G-algebra. In this subsection, we deal with the 
first issue as pointed out at the end of last subsection. After replacing G hy G^, we may 
assume that g is central without loss of generality. 

Denote by Pl*{H, L) the space of smooth sections of the bundle /\*F* and by 

Plc[H, L) the subspace of compactly supported smooth sections. Consider the convolution 
product on Q*{P[,L): 


Here, the product of ^{h) € xfFf ® with r]{h~^y) € ® is obtained 

as follows. The product ® ^'y is induced from the groupoid structure on 

Hi ^ Ho, and A^F* O ^ A^+^F* is the composition of the identifications Ff^ —)■ 

F* and F*_i^ —)■ F*, via the pseudo-etale structure, with the wedge product. Then 

D* {H, L) is a G-equivariant graded associative algebra. The reason that we need compactly 
supported “forms” on H is because the convolution product does not generally make sense 
on PP{H,L). 

Let 

D* = PP{Ho)®PP^{H,L). 

Introduce a multiplication on PI' by the following formula: 
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(/3i0a;i)-(/32®W2) — (/3iA/32)®(i*/3iAti;2+<^iAs*/32+wi*W2), V/3i,/32 G G 

Note that t*(3i and s*f32 can be considered as elements in := A'F*), of 

which Q*{H,L) is naturally a bimodule. 

Lemma 4.10. Under the product above, 0* is a G-equivariant graded associative algebra. 
Proof. It is straightforward to check the following relations, Vcu* G L), /3 G 


(18) 

t* fi A (wi * UJ 2 ) 

= {t* fi A CUl) * 072 

(19) 

(wi * 072) A s*(3 

= 071 * (o72 a S*I3) 

( 20 ) 

(wi A s* (3) * 0 J 2 

= 07 i * {t* fi A UJ 2 ) 


The associativity thus follows immediately. □ 

Lemma 4.11. The covariant derivative V : -A L) induces an algebra 

derivation: V : Q‘{H,L) —)■ n*+^(i4, L). I.e., 

(21) V(a;i * a;2) = Vcui * 012 + (—1)^^^^'^! * Va;2 Vwi, a;2 G n*(i4, L). 

Proof. Since the pseudo-etale structure F TTH is an integrable distribution, by restric¬ 
tion, the connection on L —)■ induces an P-connection, as a Lie algebroid connection, 
on L. Therefore we have the induced covariant derivative V ; —)■ 

We now prove Eq. (21) by induction on n := |a;i| + |a; 2 |. If n = 0, this is automatically 
true since V is a connection. Assume (21) is valid for n = k. Since : F^ Tt(x)Ho 
is an isomorphism, we can assume that locally cui = t*{df) A rj, where / G C°°{Ho) and 
T] G Using Eq. (18) and the induction hypothesis, we have 

V(a;i*a; 2 ) = V{t*(df) A {rj * UJ 2 )) 

= -t*{df)AV{v*i02) 

= —t*{df)A{'Vr]*i02 + {—l)^^^r]*'Vi02) 

= V{t*idf) A 77) * W 2 + (-l)l"^il((rd/) A 77 ) * Va; 2 . 

Hence Eq. (21) follows. □ 

Extend V to fl* by 

(22) V(/3 ® w) = ® Vw, yuehl{H,L), ,5 G !4*(Po). 

The following lemma is straightforward; 

Lemma 4.12. V : H* —)■ is a degree +1 derivation. 

Lemma 4.13. The map V ; H* —)■ satisfies 

V^ = -27ri[B,-], 

where B G n^(iLo) C 11* is defined as in Eq. (14). 

Proof. The relation V^/1 = —2Tri[B,f3] holds automatically for fi G since both 

sides are zero. For uj G Ql{H,L), we have 

V^o; = 27rid6 Aid = 27ridB A Lo =—27ri{t*B A UJ — s*B A Lj) =—2TTi[B,uj]. 
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The conclusion thus follows. □ 

Proposition 4.14. (il*, V) is a curved differential graded G-algebra. 

Proof. Define the map ix, VX G g, on D*(17o) by the usual contraction. Since the 
pseudo-etale structure F C THi is preserved by the group G-action, it follows that the 
contraction map ix is also defined on L). Thus we have a map ix ^ 

satisfying = 0. One proves, by induction similar to the proof of Lemma 4.11, that ix 
is indeed a derivation. 

It remains to prove that Vix + X V = Cx holds. This is clearly true on the component 
D*(iLo). Since both sides are derivations on 0,*{H,L) and this holds for elements in 
D*(iL) := A'F*), it suffices to prove this identity for elements of degree zero, i.e. 

Cx^ = for all X G g and ^ G L). Note that for a G-equivariant complex 

line bundle we always have the identity Vx — Fx = ^x^- Here txO can be considered as 
a function on F[q. 

Since 6 is G-basic, it follows that GxC = VxC- This concludes the proof. □ 

4.4. Trace map. Now we deal with the second issue at the end of Section 4.2. 

Consider D” = D”(M^,L®). Let d : CF ^ denote the covariant derivative 

—)■ of the flat complex line bundle -A . It is clear that 

fl* admits a G^-action. Let 1 : —)■ be the usual contraction. 

Lemma 4.15. (D,d) is a N-graded G-vector space with a connection. 

For any fixed g € G, since G^ is a Lie subgroup of G, (D*, V) is a curved G^-differential 
algebra. Next we will introduce a trace map 

TVg ; D* ^ D* 

On the first component D*(Flo)) we set Tr^ to be zero. Before we define Tr^ on the 
second component of D*, some remarks are in order. Denote (*S'(Fli x G))g by Hf. I.e. 

Hf = {{x,xg~^)\a{x) G M^}. 

Note that the subbundle F' C THq corresponds to a subbundle Fi C F such that 
t*{Fi).y = 7 G iLi. Let Ff = Fi n THf. Then (cjos)* = (dot)* : —)■ 

T is an isomorphism for all 7 G Hf. Denote by F : AF* -A A{Ff)* the restriction 
map. 

We define, for any fixed 7 , 


(TVgO;)., = F [ 1 X^dh) G A{Ffr O L\^. 

Jh€H^ ’ 

If we write 7 = {x,xg~^), x G Hq, and h = (x,y), then 

' = {y,x){x,xg~^){xg~^,yg~^) = {y,yg~^). 

Therefore G ® ^\iy,yg-^) and G ® L\ix,xg-r)- 

Hence under the map F, it goes to X{Ff)f^ F\(x,xg-^)- Since Tr^cu is Flf-invariant, 

it defines an element in D*(M^,L^). 

Lemma 4.16. IFe have 

Trg{u;i*u;2) = (-l)l‘"bl-2l * cui) 
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Proof. We compute 

Trg(a;i *a; 2)7 = f [ .^-i) 

JheHf ^ ’ ' 

= [ h,{iu;i)h-lk ■ ) \^{dh)\%dk) {k = hh') 

Jh,k&Hf ' 

Tvg{{g-^uj2)*uJi)'r = [ A:*((5r"^a;2)fc-ift ' (wi)^_i .^-i) A"^(d/i)A^(d/c). 

Jh,k&Hf ' 

Replacing k by 7 /c^ ^ in the expression for Trg(a;i * ^ 2 ) 7 , we get 

Trg(a;i *a;2)7 = ,g-i ■ (((/■^W2)fc-ih)^ ^)\^{dh)\^{dk). 

Jh,k&Hf 

It thus remains to prove that 

{h~^k)^,{a2 ■ o-i) = (—• af 

for all «! G (AF* ® and 02 € {/\F* ® L)\j^-if^. Replacing 7 by k~^^k^ ^ and 

h by k~^h to simplify notations, it suffices to show; 

i^[{h-%{a2 ■ ai)] = • (af')] 

for all «! G {AF* L)\f^-i^ and 02 £ {AF* ( 8 )L)|/j. We may assume that ai = 71 ( 8)^1 and 
a 2 = rj 2 ® ^ 2 , for 71,772 G AF* and ^ 1,^2 £ L. It then suffices to establish the following 
equalities; 

(a) (/ 7 -i)*( 6 - 6 ) = 6 -^r'; 

(b) iHh~^)*[{rh-^'yV 2 ) /\ (km)] = A (^,,-1^71 '). 

For (a), choose a lift h £ Hi of h, and identify h to {h, 1) G Hi Xgi C = L. Then, from 
(??), (/i "^)*(6 • 6 ) = {h)~^k 2 ■ ^i)(h9 ') = (h~^^ 2 ){Cih^ ')• Now, h~^^C 2 is an element 
of Ts(ft) = C, hence can be identified to the complex number (/ 7 “^^ 2 )^ G ^s{h)g-^ — C. 

Therefore we have (/i “^)*(^2 • ^ 1 ) = ^ claimed. 

For (b), using the fact that = k-ir^g-i, we see that (b) reduces to 

klh-^r^_i^^^-iri2=iHh-i^V^2 '• 

We can of course assume that 72 £ Fj^. By duality, this is equivalent to 

i.e. to ^ for all X G (Fi)^. Since (a o s)* ; (Fi)^^g-i T^osih)M^ 

is an isomorphism, it suffices to check that both sides coincide after applying the map 
(cr o s)*. 

(cr o s)^{kX^ ^) = (cr o s)*(X^ ^) = ((cr o s)*(X)) 7 “^ = (cr o s)*(X) 
since (cr o s)*(X) G by assumption. On the other hand, 

(cj o s)*(r^_i^^ 5 -iX) = {ao t)*(r^_i^^g-iX) = (a o t)*(X) = (a o s)*(X). 

This completes the proof. □ 


Tvg oV = XgO Trg. 


Lemma 4.17. ITe have 
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Proof. Since the map Tr^ factors through the restriction to M®, we may simply assume 
that M = , and thus Hq = Hq. 

For all y G Hq, the element cj(y yg-i) G ^^{yyg-''-) ® ^{y,y9~^) restricts to an element 

iOy G AF y (8) L(^y yg-ly 

For all X G Hq, we have 

{Tigu){Xu...,Xn){a{x))= [ KJ{Xi{y),...,Xn{y))X{dh). 

J h={x,y)£Hf 

Then 


(V5(Tr,a;))(Xi,...,X„)(x) 

n 

= • (Tr,u;)(Xi, ,Xn) 

i=l 

+ Y. {-lf^^{^^^){[Xi,Xg],X^,..., Xg,---,Xn) 


^(-l)*+iV^^ • K / u:'{X^{y),..., X,iy),..., Xn{y)) \%dh) 


2=1 




+ E (-iT 

l<2<ji'<r2 




hM'{[Xi.Xj]{y),Xi{ij),---,Xi{ij),.. ..Xjin), 




2=1 


ih^Hf 


KJ{X^{y), ...,X,{y),...,Xn{y)) X^{dh) 


+ Y (-1)*^'/ Kuj\[Xi,Xj]{y),Xi{y),...,X,{y),...,Xj{y), 

JheHf 


l<2<ji'<r2 


,Xn{y))X^{dh) 


,Xn{y))X^{dh). 


The last equality is a consequence of integrability of the bundle F'. 

To conclude, we need to show that in the expression V^, 

IheH^ ^'{Xi{y),..., Xi{y),..., Xn{y)) X^{dh), derivation commutes with integration, 
i.e. that for every L-valued section the equality 


/ Kay)X^{dh)= [ /r,((v^O(y))A"(d/i) 

J h=(x,y)€Hf J h={x,y)(iHf 

holds; this is a consequence of Lemma 4.5. □ 

The following results can be easily verified directly. 

Proposition 4.18. The family of trace maps Txg : fl* —)■ is G-equivariant, i.e., the 

following diagram 



hg := TLl{M3,L9) 




')»fl\xh Th\ 


commutes. 



PERIODIC CYCLIC HOMOLOGY AND EQUIVARIANT GERBES 


25 


5. Discussions and open questions 

5.1. Global equivariant differential forms a la Block-Getzler. In this section, we 
briefly recall the basic construction of global equivariant differential forms a la Block- 
Getzler. We closely follow the approach of [8]. 

Recall that G acts on the manifold underlying G by conjugation: h ■ g = g~^hg. Equip 
G with the topology of invariant open sets: 

(23) 0 = {U (ZG open|[/ = U -g Mg^G], 

Construct a sheaf G) over G as follows. The stalk of the sheaf D*(M, G) at s' G G is 

the space of equivariant differential forms Ct*{M,G)g = which consist of germs 

at zero of smooth maps from to equivariant under G®. It is easy to see that if 

ui € D*(M, G)g, k-uj € D*(M, G)g.k- Therefore the group G acts on the sheaf G) in 

a way compatible with its conjugation action on G. Moreover, the equivariant differential 
coboundary operators on {Dgg(M®), g € G} are compatible with the G action as well. 
That is 

k ■ dcsio = dQAdf,g{k ■ uj), 

where dcs : Cl*{M,G)g — Cl'{M,G)g is the equivariant differential on ^'{M,G)g. 

Definition 5.1. We say that a point h = gexpX G G®, X G g^, is near the point q Z G^ 
if C M9 and G^ C G®. 

Note that, from a theorem of Mostow-Palais [20, 22], it follows that the set of all points 
in G® near g is indeed an open neighborhood of s in G under the topology given as in 
(23). Hence a section uj G T{U,Q‘{M,G)) of the sheaf Ct‘{M,G) over an invariant open 
set [/ C G is given by, for each point s' G G, an element ojg G Q,‘{M,G)g, such that if 
h = S'exp X G G® is near s', we have the equality of germs: 

ujh{y)=ojg{X + Y)z^'{M,G)h, VyGg^ 

Thus G) is an equivariant sheaf of differential graded algebras over G. By a global 

equivariant differential form on G, we mean an equivariant section oj G r(G,H*(M,G))^, 
i.e. ojk-g = k ■ ujg, \/g, k G G. 

Remark 5.2. To understand the meaning of the above conditions on global equivariant 
differential forms, it is useful to consider the following simple example in an anagous 
situation. Let / G G°°(G)^. For each hxed g € G, denote fg{X) the germ of the function 
X —> /(s'exp X), VX G g^. It is easy to check that the following identities hold 

(1) if h = sexpX G G^ X G g^ then fh{Y) = fg{X + Y), VY G g^; 

(2) for any r G G, f^-igr = (Xd^-i)*/^. 

Let 

A'g{m) = r{G,n‘{M,G)f 

be the space of global equivariant differential forms on G. The family of differentials 
{dG9}g£G induces a differential deq on Aq{M). The delocalized equivariant cohomology 
^G,deiocaiizedi^) defined as its Z/2-graded cohomology: 

Hh,delocaUzed{M) ■= R* (M^(M), ^q) • 

The following result is due to Block-Getzler [8] when the Lie group G is compact, and 
to Baum-Brylinski-MacPherson [3] when G = S^. 

Theorem 5.3. Let G be a eompaet Lie group, M a compact manifold on which G acts 
smoothly. Then 


HP^iG^iM)) ^ H-iAhiM),deg). 
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5.2. Delocalized twisted equivariant cohomology. A natural open question arises: 

Question 5.4. Introduce global twisted equivariant differential forms by modifying the 
notion of global equivariant differential forms of Block-Getzler [8] in the previous section, 
and define delocalized twisted equivariant cohomology. 

For any a G let be a family of G-equivariant flat 5^-bundles as 

in Theorem 2.14, and L = where Xgi C, \/g G G, are their associated 

G-equivariant flat complex line bundles. 

Following Block-Getzler [8], the key issue is to introduce a sheaf Q‘{M,G,L) over G 
whose stalk at 5: G G is the space of equivariant differential forms, with coefficients in L^: 
Q.ffM,G,L)g = nGffM9,L9). 

For this purpose, we propose the following 

Conjecture 5.5. Assume that a point h = s'exp X G G®, X G is near the point 
g G G9. Then there exists a eanonical isomorphism of fiat -bundles over : 

(24) 

where P^\m*^ denotes the restriction of P9 —)• M9 under the inclusion C M9 . 

If the conjecture above holds, one can make sense of a global twisted equivariant differ¬ 
ential form on G by defining it to be an equivariant section ui G r{G,Cl"{M,G, L))^, i.e. 
a family {cvg G 0,gs{M 9, L9)\g G G} such that 

(1) LVk-g = k ■ LVg, Mg, k G G, and 

(2) if h = gexpX G G9, X G g^ is near g, we have the equality of germs 

cfghiiuffY)] = ujg{X + Y)\mh,G nffM,G,L)h, VX Gg^ 

where (pgh : ^ L9 is the canonical isomorphism induced by the isomorphism of 

5^-bundles as in Eq. (24). 

Let Aq{M,L) = F(G, fl*(M, G, L)) be the space of global twisted equivariant differ¬ 
ential forms on G. The family of differentials {dQg}g^G induces a differential dgq on 
Aq{M,L). By abuse of notations, we write 

Cq = V + r - 27rir]G- 

The delocalized twisted equivariant cohomology deZocaZized o(-^) then be defined as 
its Z/2-graded cohomology; 

^G,delocalized,ai^) ■= {Ag{M , L), df^). 

Remark 5.6. A possible way to construct (fgh in Eq. (24) is to use the parallel trans¬ 
portation along the path 1 1 -)- 5 exp(fX). More precisely, assume that 5^ ^ F —)■ F ^ M' 
is an 5'^-central extension representing a G Hq{M,'L), where / ; M' —)■ M is a surjec¬ 
tive submersion. Let V G 12^ (F) be a gerbe connection. The fibers Pi and Pjf can be 
identified with Px,g,x and Px,h,x: respectively. Then parallel transportation along the path 
t !-)■ {x,gexp(tX),x) can thus be used to identify Px,g,x '■= r|(a;, 3 ,x) with Px,h,x '■= '^\{x,h,x)- 
However, for this identification to intertwine the connections and V^, one needs that 
the curvature 2-form a; G ri^(F) of the connection V satisfies the condition 

(25) a;,,^,^((u,0,u),(0,X,0)) =0, 

Mx G C M9 and all v G TxM^. This condition does not necessarily always hold as 
indicated by the example below. 
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Let M be endowed with a trivial action of G = S^. Let L ^ M be the transformation 
groupoid M X G ^ M. Consider 

[0,l]xGx5^ 

( 0 , 5 , A) ~ (1,5,5 + A)' 

(The product in is written additively.) It is clear that M x L —L ^ M is an 
central extension, where the map T —)■ T is defined as (u, 5 , A) i-A {u,g) (with 5^ identified 
to M/Z), and the map M x 5^ —)■ T is (u. A) i-)- (u, 0,A). Since T —)■ T is a non-trivial 
S'^-principal bundle, its first Chern class must be nonzero. Therefore, Condition (25) fails 
in this case. 

5.3. De Rham model of equivariant twisted K-theory. Let ^ be a topological 
associative algebra, and G a compact Lie group acting on A by automorphisms. Then 
there is an equivariant Chern character [7, 10, 11]: 

(26) ch*^ : K^{A) HP^{A) 

from the equivariant iL-theory of A to the periodic cyclic homology HP^{A). 

Let R{G) be the representation ring of G, and R°°{G) the algebra C°^{G)^ of smooth 
functions on the group G invariant under the conjugation. Since the character map sends 
R{G) to R°^{G), R°°{G) is an algebra over the ring R{G). The following result is due to 
Block [7] and Brylinski [10, 11]. 

Theorem 5.7. Let G be a compact Lie group and A a topological G-algebra. Then the 
equivariant Chern character (26) induces an isomorphism 

(27) HP^{A) - K^{A) R^iG) 

Apply the theorem above to the topological algebra: 

A = C^iH,L). 

By definition (see [25] for details), K^{C^{H,L)) is exactly the twisted iL-theory group 
Kg^{M). Thus we obtain 

Corollary 5.8. Under the same hypothesis as in Theorem 4-8, we have 

(28) HP^{C^{H, L)) - R^{G) 

Therefore one may think of HP^{C^{H, L)) as a de Rham model of equivariant twisted 
K-theory. 

Conjecture 5.9. The family of chain maps {Tg}g^G o,s in Theorem 4-8 induces a quasi¬ 
isomorphism 

(29) {PCf:{C^{H,L)),b + B) ^ {Ah{M,L),d%) 

An immediate consequence yields the following 

Conjecture 5.10. Let G be a compact Lie group, M a compact manifold on which G acts 
smoothly. For any a € Hg{M,T), the equivariant Chern character composing with the 
isomorphism induced by (29) leads to a natural isomorphism 


( 30 ) 


Kb,aiM) R^{G) 

^ ^G,delocalized,a (M) 
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